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ABS TRACT 


In Chapter I the concept of localization in the 
category of R-modules is discussed. Where R is a commutative 
ring containing the multiplicative identity. In Section 1 the 
concept of localization is defined and its interplay with 
various other functors is discussed. In Section 2 we specialze 
to the case R= Z and define the concept of localization at 


a set P of primes. 


In Chapter II, localization functor is defined on the 
category of simple topological spaces, and its interplay with the 
homotopy and homology functors is discussed in Section 1. In 
Section 2 the existance problem is settled for the localization 
of simple spaces. Section 3 contains various results on 
localization, in particular it is shown how, upto homotopy type, 

a space can be reconstructed from its localizations at the 
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Chapter III contains some results on H-spaces. 
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CHAPTER I 
LOCALIZATION IN ALGEBRA 
g§1.1 LOCALIZATION OF MODULUES 


tvisi Detinition., Let .R. bevavcommutative’ rine with identity, 
S ¢ R\{0O} is called a multiplicative set if le 5S, and 


a,b e S => abe S. 
Define a relation ~ on the product set AxS by 
Araya aes |) <> J we S "with Utes ai Sa jee 0. 


1.1.2 Proposition. ~ is an equivalence relation. 


Proof. ~ is reflextve since 1¢«S, symmetry holds as {A,+} 
isa group. lo prove transitivity suppose (€a;s) ~ (a';s') and 


(aleouyus (a s)) (co show )Ca,suice Cars.) 


Now -CGa,eyves (alis*) S| me S with uls*a — sa') = 6 


andes (as == Ca 2s) <> 4 veeus- @with? vis"a'i= s'a") ="o' hence 
vs uls a —"sa') =o “and =usv(s"a'=-—"s'a'')"="0" and as uvs" € S the 
result follows by adding vs"u(s'a - sa') and usv(s'"a' - s'a"). 


1.1.3 Definition. Let a/s denote the equivalence class contianing 


Ax 5 


-] ‘ . 
(a,s) and let S A denote the quotient set 


uF 


1.1.4 Remark. We have a map u, :A>S- 


" A defined by u, (a) er: 


Note that uy may not be one-to-one. 


ies ‘Note: “forall ~t- © s a/s = ta/ts. 


Proof is immediate as R is commutative. 


pnd sa ot Bae pole a a ER 


{42 Jouborg af#3 ue ~ sohrelex u sete 
=f oie takw oo as es, ob teed 
sougeangen, SBME 


aq ehiod qaaamive ance ovinelzsy@t -  ieort 
soodque “Sivistensys svosg oT .que7y fh af 
wader (as @d — (he, "Ay 


| 


oT aR 


nailed “$aslavlore ae &b © 


Ca ie | 


f+ A} 


hn Ce; "s)— Ceyr) 


O (a, a) ~ Ae, €) 

= ('sa—ah'alu diivo® +ui bs ('a,'s) = (evi), Won, 
gone .c = (se eM eyy clilw a ae E eee ok Pe 
sox 2 | ‘a? yen. bok 8 = ae a aha 
e's = la™ayvew pas (a0 - 2 %u)uev  galiti yb bailed abasy 


biorsh le 60> <HOMaRnbil ttf 
# sui dione MR wot bem Cogn) 


‘er av bat, or 6? o*st- 


gGleblinos Cayis*e>upisy lope 


ves saved, ee eer ata 
J ep dnda s36% 


! 


tim 


» oe, 
1 ; 


16 {S “A,+,.} is’an Remodule where + and {are defined as 
follows: 
(a/s), +) (hilt) =) (tatsb) |st. .r.(a/s)-= (ra) |s 


a De At (S245 t.<c Ros 


Proof. + as well defined for let a/s = a'/s' and “b/t = b’/t' 


b) 


then 4 uj>u, € SS. wath u,s'a = u,sa' and u,t'b = u,tb! now 


a6" ob |e 


(t'a'ts'b')|s't" = 


i] i] ' ' q ! * 
stu,u,(t a rs.b )|stuu,s t fusine 1215} 


I 


q ! ! ! 
u,uys't (tatsb)|stu,u,s t 


(tatsb) |st = a/s + b{t 


Similarly 
1 tN 1 = ! ’ 
EC /sh) cs ru,sa Juss 
ru,s alu,ss Tass E(ais) 
so . is well defined. The rest is trivial 0|1=0|s for all 
s € § is the zero element and -(a/s) = (-a)|s. 


Pole) Corollary. Sco is an algebra over R with multiplication 


sy) stp defined by CAEP icey = (1,45) |(s485)- 


Prieom Coronary. Sand is an eran module with the operation 


defined as (r/s)(a/t) = ralst. 


1.1.9 Definition. If f£ : A+B is an R-module homomorphism 


cm Cee = f(a) ls 


1 eames se perme: 


sili) Ses sak ion F arn 
> a 2 aa,> a OMe. 


‘eytde O\7 uns “e\'s = he Sot aaa bate tua wh dealt 
iu 
wan "dieu - dtu bre "sep + pen tyhu SH ee E wand 


= "zg! ol Cd ae'n 8) ~ ‘s{ "dl + ‘g\'r 
fe,-1 godess ‘ato dudaht eats t) pe ade = : 
a @ : § ; 
, 
(4's uyuda pide) a ai ae) © 
a | | 
y a 
d4 ea te;(detns) « 
el tel ite 


Beh | oe ut « ‘e\"ey = C'e\ ‘pie 
(gis)s°= sists hea pe)" a arr * 


Ike ao? alfQ= 1/0 | Entvisi ef se0r ett chentieb Liaw ef. a8 


2) {e-)= (e\e)- bow anémele orse ala. al @ ae 


nobiserlgia tum datw) J qave. dtdegto iim a RR ~yektrrad et. 
Gyayel Gena = Gali (el o> edi bematab: 2, 

. : . >. las 
agitsrsyo ed) itiry atubdt f' 2 te ar x8 Gnd to109 . att 
talay = (s\whda\ a) oe bandish 
npr ee or re 1 cowhide ea 


Note that ot isi well defined *forirrays = at/ser saves’ with 


usa = 4isa"’ so 


Sea = t(Calyys. f(usal) juss" 


ust(a') /uss" 


fCus'a) /uss’ =lus* f(a) /uss' 


eR Eee AES 


iLO Proposition. S fo) isan stp module homomorphism as well 


as an R-module homomorphism i.e., the following diagrams are 


commutative 
a onset ai 
RS oe 
=] ste =I 
S A Ss SB 
=a) 
aT Sey Oe 
stp ae eg — > s7tp cS 
€ =] 
S oe SSB 
ae: 


Proof. Pee aia) ar Ca) 1S) rf(a) ls = f(ra) |s 


ee eis s| = aa ey 4 


and 


(c/t)s e(a/s) = (rit) (£(a) ls) = rf(a)|st = £(ra) |st 


= ee ecalee) = Dem aea he) cola 


biow ew me diiepramoarsd saber oe vee ve . 
ova enbsgeth gatwoldod oda, 29.) aniierosoned athe ah 


i. 
4”> 2ea04 id 
nie RUS lee ee ee 


LeIvid- Renarks = (i), eS can be regarded as an endofunctor in the 
category of R-modules, or as a functor from the category of R-modules 


to the category of Sa penodales” 


(2) We have a commutative diagram 


lei “Notation. 1) forvall) re R define: 1 # Age Ak obs 
* * 
r (2)°= ira. r is an R-endomorphism of A as R is commutative. 


= * = = 
Z)iPetorkari vex GERRSS Me ) = rs oe >» § ms 


-1 


is defined by r,(a/s) =o Ga) Soest ees san BT eo cadomonen tam of SA. 


Pots.) Theorem. “Lior -<.Ss then ©) .=,S (x) ao YiSi ek 


Proof. r,(a/s) ta/s res 


I 


ry (a/s) a/<ts pees so rSeens 


1.1.14 Definition. An R-module A is called local away from S, 


Written tocai= |8 , Lit 


ef A? A is an isomorphism for all se5S 


Une beds) A local ls <=> u, : 1 og a is an isomorphism. 


* 


Proot. [=>]. Suppose s : A-+A is an isomorphism for all 


deo. Lo show u is an isomorphism, where u, (a) = a/l. 


A 


in 90 edpene bade ue S oh aatubehiel Xs 
| tubo z io et 


- 


wn TyRTS ee ee ever ww (S) 


LS AS | - a 
; : 7 
- 
a | a ‘a 
eh eae a ee ae 


w , 
veAfAs 9 Bpbteh BA ey Efe aed CU -oetoated SL, ff 


: ¥ : 2 a 
-Ltetumos et © A 20 mebiqvowobry-f as at oy ks © AP 


: : 
A: =e ia Ge ee yk Yew Sdn vol (4 
70. topmeidqriebanate 3! ped ,1 .a\o = (eve) 2 WhGantiel ab 


2. 4a 8 ye wets 22a Th ood Tht 


333 a\nn @ (Xe) 290%, 


@ = @ 68 €44 ni\p = ert a 


ai 
: 
42 mor] ym Soc6h hutips al A aliyber- kA jnodabaydotr sliotut vi 


TL ,oR) Goool sahina! A 
’ 


i - - 
.@ee Ue 20% mmbdgzomosi me el Ae A es : 
- oy 


Now u, (a) = 0:=-,a/1)=)0/1i ae se Si withessa =70,; 
* 


* 
ime. -s (a) = 0° iso. a =o Case's is an isomorphism hence Uy 


a monomorphism. 


ao * 
Further let a/s e S$ a now s :A-+A_ isomorphism 


is 


SST 


* 
bee A with s (b) =a, d.6., sb = a. now u, (bd) = b/1 = sb/s = a/s 
hence uy is epimorphism. 
[<=]. Now suppose Uy is an isomorphism, to show A 
k 
istlocal (|S. “Lets <« Se econsider “ss >-A > 7A... “Now 
x 
s) (a) = 0 => sa =o => a/1l = 0/1 = u,(a) =0=>a=0, as uy 
a 
is isomorphism it follows that s. is monomorphism. 
On the other hand let be A. Consider b/s ¢« aeont Now 
as uy : A> aA is an epimorphism 4 ave Ao with u, (a) = b/s 
i.e., with a/l = b/s. Further we have 
u, (sa) = sa/l = s{a/1) = s(b/s) = sb/s 

= b/1 = u, (b) 
But as uy is isomorphism, this means that sa=b, i1.é., s a=b. 

* 
Hence s is an epimorphism. So s is an isomorphism and A is 
local |S. 

* 
vole bo. Noted. . Agtocal | s <=> s : A-2>A is an isomorphism for 
all se S$. Hence given se«S and be A + ae A_ such that 
sa sib, i.6.¢ “Sa = b. In other words we can diyvidesin A by 
elements of 5S. 

Note ep by. slelal3 ar ons tev loeal ls: 
-1 -1,,-1 P : ; 
Note 3. u GMC AL) oon ila ce A) is an isomorphism. 


ack 


a . = - a : 7 - - . hele 
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90 ne atv e2e aE <= Tw Tn Oe fol p. 


a = 
‘ a bane weldqiomeet as = "s) we > *s os Os ate ‘el pists 
| - 
! omald a 
0 ; on ‘i - > rn _ 
‘E <e wetiiqtqgvat AAs. & won A 2 p ele et sot - 


i ; "se .. © Bid 
ela *» a\de = I\d « (d).u Won 6 * de 8d ‘ns Cay a stv a 


matiqnemge at. Pal sons 
7 
i a : 
A wots 61 ,oaléqyvereal as a rs saotque wok ofa] as - 
- ’ 
* ow - 
aon AY A> a cebIana .2@5 0 dot .2] Leal ab 
; Pa 


‘ - 
ah, 2)" 8 = O= (el a &@ IN0.@. Tip «=o = «3 = 0 (a) 
’ + 


/~ . a 
sme ligvomonom et a dads ewollot 3) waldgummesl ef _ 


5 
wor ra = a\d tsbighed 4A » diet bear tanto sf) nl i 
ue ‘ P i>, wo : ca 
ahd 06) 4 tgiw A = 8 .. meldqronigs ! al A &* # I al aS ; 
svat ow sadent .e\d =~ te dle | Peng 
, a 


é\di = (ele)a = (f\ne = Lee = (ne) 0 


° Cel) pat - [\a = 7 


” 4 
7 


7 
- 


a : 
48) 6 4.8.5 ,¢ “ce sald ance ei) ,waifqzanget 62° op ua Sua 7 


A 
% ; x 
el A Soe wadiyqvonscel na ot 82 (62 meldgy vies te &? 2 2«©6 «sone 


»2) Inool of 


: os : 
72 saldqromoal as al A~ As aA om) 2 I. imol A. Lt ator Blk b 


. s 7 - . ° 7 7 - 


won) dae Aas EA =a) bane G22 obvig shee 1.2 5 2 
: 7 7 Te 


a . we Ak at obivib fino sw ebidwersilto nl 9.d = oe pete a at 
oe ae 7 | 

_ | e : 
, ia Laeare 


7 a.) “Reset wh A” 


Note 4, stb is called localtzatton of A away from S. 


1.1.17 Theorem. The functors grhG) and (-) Ona from the 
category of R-modules and R-module homomorphisms to the category of 


= ie) 
S R-modules and § eRe eauia homomorphisms, are naturally equivalent. 


ib 


Proof. Define da :S A AG, Ss kh aN by 

EY) a@) i/s 

u,(a &) r/s) = ra/s 
now hi u, is identity on generators a Reis “ote A ®, ste : 
Hence aN Hy = identity of Aw, Sarre Also IN dy = identity of 
oar 


Further.’ 1t is casy™to see that for £ : A > BO the 


following two diagrams are commutative. 


d 
g ty a sR Gigo ok 
a: £001 
Ss 1, > B®s -R 
a 
Hu DS 
Cate Ce ee ee Sak 
ei 
See £1 
OF eee eee Oe ce csr 
Up 


Showing that both ) and wu are natural transformations of functors. 


a i. 7 i 3° 
: < a —) a. 
2 wert in A Qoorpblenaiees) belina at me 


Tine se rat y®) (-) ‘hor wy ey rr oft 


ie TYOReIK Sd? ot aneliqawimiun sly bon-i hae and onbent—8 30 vrogeee2 


We 
Inelevives vilaiwi0n aie ,ematdgzomamen Shane e” “2 tne esiubom-K 


- (x {- ie — a : 7 
. a — ‘) f onlis ~roor"d 
| ed a ey ie a ee 
? a 
7 i - 7 
\t “ = \a ; ‘ 
2 ie | (a My - - 
~ - a 
4 am rr Pas * 
BVS) = (BEVIS Bl iy - 
- ’ 
, 9" > Pi A. iy ~ Fis ~ 6 (o2e29005 tate Vi idash el i. Ne wn | - ; ’ 
: | ~ ™ 4 , 
16 Voight = A> 4 sels «8 2, GOA. wey dirnabt say Us sorrel . 7 
Ak a A A 7 
J- 
A 2 : 
aut «+ A : Pee) ods soe er Vous as 7h ose Azut 7 


.2vitedunmo> sin emezyath awi gaiwolfot 


A” = 


q % "LA se — 4 4 


enolioand}easd| Larder 
a 
ten 7 


1.1.18 Remark. Consider the commutative diagram 


A 2 Se 
e ae al 
A&R aa AOS. R 


1) Uy is an isomorphism <=> 1(Xu 


2) R local |S <=> all R-modules are local |S. 


R is an isomorphism. 
x -l ; ; 
By A “local |S <=> <A and ACG, S R_ are isomorphic 
-l 
as S  R-modules. 
4) Lf WAP ds, Local "S* then 


sna) ae Sea MC eee rs 


hence 

ow) fs s‘a@s7r 
In particular 

See Goa = s“R®, ane 

-l ~ ; 1 -l 
5S a (A Ce eB ie CAN? eB) CS Re ACO (Ee aR) 
R R R 
vA oe koe B and so on 


Hence 


sta ®@ 


~ gol -li 
BPC ie Be conta WOO aga 
pp ee ee Op 


Delis Proposition, 1) set ae is a directed system of R-modules 
then aad AY = lim (s“*a,) we Le. pdocealization |s commutes 


a a 
withe direct Jamits. 


— ed 


- 
7 
AN _ : es _ a 7 
: -_ = a 
mga tb o2d6s0mmen oi abbas a Bhs: ; 
/ ; J = 7 i 
ve 7 7 ; 
-_ _ 
) - 7 
i 
a’ - 
at fRVA — ene 


melaiqomoal mm ad oa oD oe qaligqrokeet! fm al a2 (fi 


+ ’ - 
_2b Paool oye eefeber-a Lis <e=> 8] Incet # 1 
j ra 7 
i-; / oom > R, - level AG 
3 JORG ott MM an se hm J 4 an ae 
1LAQTIOMCEC ‘ ¢*s ‘ : 


ee ee 


mart 2) teadliel A. V1 (pe a 
os q ® fA + ih 4 
aoned 
arr oe ; in “ei? -2 . 
, 
taluolirsg nl 2) 
_ 
ae 7 
RTE Oe ei OF L=— "2 


‘ 


re es a —" 
4 ¢ : a= iE ce a a tas a 7 ae +. 
m2 . : iad oR 7 ‘ae ie) gms 
a is a ont a 7 
a 7 7: - 
_ 


fuente tte bosoms 6 1 ( i ” 4. ey iteo 
sa PE it ee pnaey 
2) -potrastinacl - ie bo LA Re = A bt) 
ime “a = Ss 

a a ie mtbetl ¢idek 


= - = 


a4 


- 
_ 


te 


_ ; 


-1 -1 
2 + ~ & 
1 SEE eae Er, 


1.2.5, localization |S commutes with arbitrary direct summation. 


3) ip Oe pe 3 is an exact 
sequence of R-modules then 
e. iSe-4 i! sj ih 


0+ S A—-—>s B—-—> s'c+0 
is an exact sequence of ohio iules 


Proof. 1) and 2) follow from 1.1.17 and the corresponding property 
of tensor product. Also in 3) we only have to show that Saree is 
a monomorphism. Now Serine) = => i(a)/s = 0/1 =>\3 ae SS with 
ui(a) = 0 but i is a homomorphism, hence O = ui(a) = i(ua) now 
this gives ua = 0 as i is a monomorphism, but this means a/s = 


=e ; 
Hence S i is momomorphism. 


20 © Notation. i PF "ista prime GdealMol RK then S = R\P is 
multiplicative. For any R-module A, we write A, TOn soe sk) cand 
gay) local at. PP. “tor. local. Kae We also note that Ap is an 


R,-module. 
ie ied Remark. In Ap can "divide" by all elements not in P. 


1.1.22 Examples. 1) If R is an integral domain {0} is a prime 


ideal and svt = R. = field of quotients of R. 


2) tf P= PR then Seth) sand 


Woke ZS  jenwenele, i. 8 IR SS Ra takes P into the ideal of non-units 


in R,- 


V0 = e\n) eaesm ait aud), wetiqueménom cr ei i ee Oo Bn sev te ota 


vy Y— & eZee 


Ad : ie . 7 
" : 
7 a 
. an ; ’ 4 7 ’ 7 
7 je #44 - t # jar a _ C : 
; a = 9” a 
7 7 > an oe oa : 
naitoimue ealh viattidrs lidlw ees. eh patiendendl: ed 
; ; a. v' ; 

$oen0 Hh &! 0-2 - f — , . bat V6 : ; . a 


praatd estubem=8 46 nanny : 


p95" "2 ah 2 7 haa =. g ra Be a i one 


-29lobou-a 7 2 ia s2neupee 106% a 


_ 
giisqerg adibaagaet1es wii bus \E.1.1 gow wolliod (l tas a 7 


af (ny 2 rari wots O14 svan VYaik? 3! <a a fala »ToOubety 9d) a: 7 
: f= | - », ae 
die -2 = u Few F\0 = eVieli <= 6 © Cele li 2 ook . araliqionenog Pi ; 


war Gowrk » te) = 0 sored ,mattigzosomnt 2 ef 6S Cf i).= taliu 


{-, : =n 
nivdomoawmy ef st ¢ sonal 


2] Sh @ 2 wets 8 Io feehi snlig n ah 8S PH -olsudoy Tn ie : 


hae Pe ‘Tol a suiew ae A. oluban-" yoo 107 ovlsas tigtyiom 
a 


. ‘ +i _ 
nat =A end st0n Sela, aw “al feaclt" iat "Sg txsol" he 
.9lubom~ 


& at ton atmos lin. Yd “ebivib” wis qh al Aimed ISTE 7 


wr 
omniga's a) (0) efpaind: operat ex's! ae 2 ee ‘Sheet 4 cee 


so ¢ 


Po) Yo asin tu ufoit « ral ° ¥ 2 brn ‘ts we YC 
: 7 L*; | 
: ‘the : ty i ~*~ 2 on = | aq “es , ' : = ; 
i ie eo eG 


7 
; - 
== 


1.1.24 Theorem. Given an R-module homomorphism f£ :A>B, B 


os | = 
Local, |S. «then 4 : S ~R-modules homomorphism Up : S aa > Be such 
that upu, = f , as R-module homomorphisms. 
ELOOL. 
u 
A s > 
f 
“B 
Define w= Af ay oO Gap Then 
ew: 
_ ed -1 aL e 
upu, = UZ St u, = UZ upf = f 


ALSOott eng)? Sa an *B is any other Sia Romodgle homomorphism with 


gu, = f then as g(a/l1) = u,(a/1) we have 


g(a/s)e=,e(1/s,¢ a/1)e=) (l/s) ela/d) 


as. l/s. € suc and g is an Paar nonencrotd an then 


g(a/s) (1/s) g(a/1) = (1/s) u,(a/1) 


u,(1/s - a/l) = Bu 
This shows uniqueness of Ups 


151225 Definition. A map |i >A. 8 with 9B docal |S 1s called 
universal for localization |S if and only if for any map g:A7”C 


with C local Is, J! a, OOS a Ce at 91 uf = 9, 


Note. 1) uy 3 A > saa is universal for localization |S. 


. 7 7 - vy) 
a ‘a es Dm! — . a 1 
2S. 
@ .i- As a avai bahepr ow an ts: site se neett 
ibse a 2 inal matiqzemanod ee 2 j ‘4 nos 98h 


miediiqgxeousod olubou-f @ , “4 


ra i ra 
f- é pe ¥ we 
a 2 FE 
q 
J be 
isnt A Bye ¢ ge? » i 
7" 2 “ ° u “a ai? ° vow 
goog? A a | 


L~ f- 
daiwenatdqromoned sluboa-A 2 yedd0 yo, el eA" B® it cata 


evoil sw (L\e ‘au ™ (S\y @a nodg> Y= ve 


(L\njafe\t) = G\2- e\Da@ = Coles 


h J~, 
eral nigpHerchinteke Gt % te el g Om FW @ & a\L- te 


({\n) 4 ia\b) = cr a fa\t) = (ache : 4 
“ quae (ie a\K)uv = 


’ 


- : ae Te easosupbiw quorte 3 

: — a 

: ae 

: stag! m invol, 4 dttw oie cf 7 iil vk inne 
ace awit a ee ons a oe primes _ 


3 ah 3 “ ere oa a 
7 aa an = 


_. 2 
30K 
tod pde 
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2))) POPPA > SB is ‘universal “for “Localization "!'S 


-1 
eraatirg » A> "B” isan *isiomorphism: 


1.1.26 Theorem. Given a long exact sequence of R-modules 


such that except possibly for every third module, each module is 


local S, then every module is local ise 


Proof. Since localization |S is an exact functor, we have the follow- 


ing commutative ladder with exact rows 


as a * AY i oe) cg 
u 
n-1 uy Utd 
i -1 -l 
oe SON Es) CA 


where we write uy fOr uy 
n 


Now, except possibly for every third arrow, each vertical 
map is an isomorphism, hence by the 5-lemma each vertical map is 


an isomorphism. 


1.1.27 Theorem. Given a commutative ladder of R-modules with exact 


rOws 


a a. 
> A ene A ao A > 
n-L n n+1 
a: | fal ee | 
eq as B ead. B ae 
n-l n+1 


such that, except possibly for every third vertical map, each vertical 


Be re ine en 
al Ant tas Hav): 24% (wesevien ab. aes ie 


. enidlgaaineth obs al a he * ir 


asivbow-1 lo ponnupee donxe quel » owls sarge 7) _ 
i) “+4 7 


Pe as AS A . A+ we 
“ttn on Len 


ei ofubem ions ,slybom b32n2 ¥ieve 76t yldteepe gasoxe tarts 
' _ 
.2| tiiob a sfobom cieve esiiy 4] Pavel) 


-worInt ova eved Sw s0%aaT Josten at 2] wetamaiss ol gonle . tear’ 


- 
210% Jowke Siw vebba!l ae itetemmio gat. - wv 


6 
— ie (en > ah a ae > of ‘ea 
FL) 
| | | 
i] ij }- . 
fe 4 o | ee | ; 
l= - 7 
ea? @ (AW) © Np AY OR oa 


A, 


‘ Tie | bs uo o8 feu oe exgite, 
” 7. 
fr 


lnoitmeyv poss , worse S219 Tavs 401 eliineeq 1905me9 , wo 7 
ei qo leobjisy fond anaal-= ofF 4 oda celreyrmess ft» at qe 
: _ 


oratdqromgal ie 
‘ 


“Qene dsiw eaighueeh io w9bbil evitedoawes » VS0lo 6 oe! «(S.E.L | 


“ak 


map is the universal homomorphism for localization is, then all 


vertical arrows are universal homomorphisms for localization |S. 
Proof. A i 

ro ssume f-2? f-1 f +l and f +2 are universal, then 
B-2?? Bow Bey? a) are all local ise hence by 1.1.26 all the 


B's are local |S. 
i] 


Now consider the following diagram, where we write a 


fogets ei(aw) sfarnd, > ik for), iu 
n n 


u 
nt+ | 


k 
f k n | 
n-l n ee 
. y n+1 


nel 
Pn esl 
Now forcall, in. ko =f. and uw oo. =o) cu . Also as both 
mH yn n ne 0 n n-l 
' ‘ ; ia OC tar 
f-l and u-1 are universal, k -l is an isomorphism imilarly 
K-22? k+l and Kk 42 are isomorphism. 


We shall first show that the lower ladder is commutative, 


Ve Chie see =k oa forall nm. Now 
n n-l nn 
BA Ro lane _ He aes . a ais an 
— ! 
aoe ey 


but as _u is universal, this gives 
n- 


a . j 7 
. Fee 
A 7 an ae a 
i 2 = a ° = 
Lin wos ‘é] fakseantgzed ao nvteteps omc Lawtowl an nit at gear 


rs 
8] aomMestinoel r¢t anakderanqne) bemeetloe wie macete ee hema 


aods ,leesivinu oye i tne tw (pay Ta anaes. igo 


Sn 


: 7 
589 ffm ao.i.( vd sonst ,2| Lebel It ode cad pane tien? “Sa - 


2 reat 510 * 2 


oan 


nP stirw aw stony ,metgelh aniveliel 44) “ahianos wor 


f- _ : 
au 362 9 baw a 
a x. * —- i 
v7 7) - 
bre o - 
-_ Nes ———- ———= FV Cotes _—— hi ims S 
bd i+; A ‘ ! = % 
| . | ~ ; 7 7 
i no, 
| bs Ati \ a 
*~ ‘\ ’ \ 
) rs In A r; 
‘e+ “| dad ) Tee ag <--- a ‘Af ) a <- ( A} ada 
; é 
al . é 7 vA 
| [+i ‘ ar 
' Pa i sf * . ff 
hs , by | i—n id er : 
i ~ — - - 4 . a 
<7 Yen a <= i ae a 
tenn ie ; 


: : ab a) + ; : = , t j = ‘ 
(ijod ous faa! Pal bia ar af nt mn LIt 701 wot 


Vineliole — .metd ei os el CY [as ay ti ot 9 
ety ieliqromeed ga e ae ot “eV Dit ste RY bee ‘ta 


CL oeehinaegnal ayn » thy eve bent ’ us _ 
s 7 4 bf ~ 
; : <a 


avis* summer st tebbel seyol sila asia voile a Ni ta aw 


| ; 7 
: wc a aie py bia #46 Bian a 


ey 
ae a : oat i Saba” ion / - 
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Similarly by universality of u_ we get 


= ! 
Ba Sang Oh gl 


i.e. th i i 
en, e lower ladder is commutative, but k-2? k 1? ke? ko? 


are all isomorphisms, hence a is also an isomorphism. Hence by 


universality of u_ we conclude that f = ku is also universal. 


1.1.28 Theorem. spor (A,B) S Martss sun) E Tor (A,S ~B) 


ul 


Tor(S~ Nae 


il 2 


Prook. Let o> KF > 3B > 70 sbe a free presentation of, 08. 


Then by definition we have the exact sequence 


o > Tor(A,B) >A®MK+AWFFAXB>O 
This on localization |S gives exact sequence 
0 + § ‘Tor(A,B) > S*(A@k) + SDF) > SCA @B) > 0 
Also by 1.1.18 (5) we get a commutative ladder 


o> s7 tor(A,B) > s-t(4 @ x) > sti, ®@ F) > sti, @ B) +0 


le 


A@K > SEA eos kG io 


I 2 
i 2 


o > Tor(S A.) > gt 


as all vertical maps are isomorphisms this gives isomorphism of kernels 


Se porta) = Tox(Si WAyB) . The rest follows from the fact that 


Tor (A,B) es Tor (B,A) 


a 


; ! 
I 4 
Ben” "Tae Lat "a 


: 7 a a ne 
. fl : na 7 ae . 
= Pl teeta 7 - 


369 ow ty yr hiarrev haw wd ae 


, =~ ; 
facta” eae 


! 4 god ,sviongommos ef vebbef tewel ou: aed 


metdqzonopl te cele wi a wondi! caine, iis : 


ef warrali 
isetiview oefe at us ® a4 Just? Sbuwia167 ow at to “a ilsatovlm 
on { 
= ba? op Ais ps ator. 
(4° By ApsOT = (hiya Fi xot = (,ATOT ¢ -<maqeelT 82, = 
- t- 7 
ee Bieat - 
: _ ,; 
4 30 foliadoeeeta sort 2s of 6 «fe t+ ao sed - 16079 7 
2h 


serena 3 to tutesninn soe wkd? ani somoe st sate tavon 


eee es 


= rt 
: ne : Apia: aay ail aah aval Tal Zeus val oan cor om 
; a 


= eae 
whi sean Sw norsiatish ed osdT 


FOTIA 166x9 


o we fon BGA + AOA & CyADeOT © 6 
— 
sopngepea taexs aevig 2) obidenilesct no aint © 
= : = eo [= 7 
aia ne 7 a ay 2 {Ais a? <.+ (iAyaeT 2+ 0 7 a 


sobhe!l avidigJommieo « oun ow (€) AL.1.L yd ala 


—_ 
= I~ 6% 


a Ay? . Or" ay*"2 = (A GO PS ae * (8, A)x0T 


| or | : j — > 
oe 22K 80+ a ies 3 i ae i ee Dest, + oe. 
a 7 


i 
7 


4 Ae 


re 


7 AWOL 
+ 


ee ah 


oo 


a’ 


13 


re In this section we take R =-Z and let. (P denote the set 
ofpall primes in 2,1 together with zero, ive., o «© —. Any 


subset P of Wf that we consider will contain zero. 


Vice tf eNOtaclons: hee P cf and let ne Z 
i) Weiwritep.(n,P) = 1 1f. (n,p) = L for all “p «2. 
2) Let <P\P> = {née Z, n = product of primes not in P} 
3) Note that as oe P £<P\P> is a multiplicative set 
containing 1 as an empty product. 


iL 


4) Write A oP \ Re Ay ne 


P 


IeyenWisivelcslom @ie %gN ee 12, 


ee eeNote:. 20) jin Ap we can divide by every integer n with 
(nse )e= 1. 
2) If P ={p}u fo}, then (p) is a prime ideal 


sim 6 74 ehvatal 


A = A b 12208 
12 (p) y 
3) A = Eo AGS A®Q 
1.2.3 Examples. 
1) Lgr ele, Zn = Q 
0 if p ¢ P 


2) (Z/p"Z), 


U2 


Zip'Z if peP 


The proof is by induction on n. 


First we show that the result holds for n= 1. Consider 


the exact sequence 


py EA EO UA Os 


ai = - — 7 


jae ol) syonahb 9 jot bow. &™ am axes av @aloebe wid a 


WA «Fa a 965.  ,OI08 date rad 3eg04 x fl akong 


- "7 / = 
ove ntasnoo Lik saBieAg? wands “@ So a a 


- 


Son dsf bose 999. Jed  -tiloagor Por 
4s La set De} (qa) 22. LD (ip) pestis a {i 
_ (9 mt-tan esate BO youbosqi= m San) = «97% tod. US , 
Ja@ avivosilgtsfms et <4/% T. 6 #6 gndt otou (f° 
Soube7q vious ne eo 6D gnkeiasae 
A cap : gh ssitw {(e 7 


4 ta A To noisattisool = : 


(to9tw oo asgsdni Yiava vd sbivib nus ow oA at Cf -paoK Shab 
(= 
6 H (fin) 


{fasbt anitq 6 ex (q) nstia- fol udqbh = 4) 20 «5 


-nal going cand } 
us 


an i a MS y 
: ; A ; : -_ 
7 a bq ~ 43 n) - ‘ 
| ? felt ats) ¢ 
Ca en Fo ‘vais 5 : 2s) a 
: - '}, 7 aie 7 : - af 
, | : ant omg aa edas ied, oe : 
7 - : _ P 7 : ~~ * nt —_ 7 


4 a =n , ao8 diefort 2560: and) Sans wails ae az 


14 
where m(a) = pa. 


This on localization gives exact sequence 


my. 
Ob 7, > Za (Z/pZ)_ 0 


where m, (a/s) = (pa)/s. Now if p ¢P then m, is an isomorphism 


(171.13) ‘hence (2/p2), = 0. On the other hand if pe P then 


m, (25) = p(Z,) is a proper subgroup of Z Claim cosets of pZ, 


P° 
in Z5 are *|O/TP Till ess [p= ye) where wewrite (1/s]) stor 
(i/s) + pZp- Fonumlet™ a/s e Zp then (s,p) = 1 and 4 integers 


X,y such that px +sy=1. Now 
a/s = a(pxtsy)/s = apx/s + ay/1 


Now Suppose ay = py tr where 0)< 4o< p, , then we-get 


a/s = apx/s + (py’ + r)/t 
=plaxry s)/ s+ 6/1 
he/she lay 1) Gast Cake. Hp 
Also these cosets are distinct for if [r,/1] = [r,/1] oO £ YT, < 


then r,/1 + pa,/s, = ry/1 + pa,/s, this means 4 ues with 
u(r,-r,)s)85 = up(s,a, ~ s14,) but (p,us,S5) = 1 hence p/(r,-r) 


which means fr, = r,. 


Induction Step. Assume the result holds for k i) ae Consider the 


exace Sequence 


il 


6: 2 / pies (2 petal eZee Lo 


This gives the following commutative diagram with exact rows 


' a 
~ aii 
a 

es V3 vas ion 

: aig : 

7 : : od we 
ae gee 
debagoanens bs a) ym avin, thea oot ney 
went 924 3 has sia wis 0 q(Sa\S) sumer (EL.£.1) 
qh 3 233909 neta <@ 30 coords satan » at Sa - eral 
10% felt] gatswamsaade [LMI-g)) wes. J 2Pt) ATVOL see gS ar . 
e74ago mnt Ee jem f= (aya) ome cee a e\n wl, 705 “qi + che 
wo .f = ¢2 + xq, tala dove oe 


I\ye + e\eqe © e\ivetaqie = ele 
tay ow nafd ya > 1s 0 sredy ++ 'yq = yn Bengqque wok 


H\Gr + ‘yq) + a\xne = w\e 


». L\1 + -e\fe'ytoenig = ; 


ee ie Ce fr\v{ = fava) er 
s) 
Ge etl Ug) = L\ye] M39) gomseth 70 er8e09 seek OaRA ® : : 
fiw 250 E enosm att yelgig + Aa = yelp was dT 


(37,3) \q sone f= (oepaneg) Suh Cape = male * ghph( Tome | - 
<2? g2 gheam wobie 4 


vile setitane) .1 <8 qo ablod ahimwa sila shuaea 


a. Loe 


ont, Ziipz. t= ae 


oe “ta 


es (ra eres (zip tz 


Vi Z [pez es fe) 


: 


)p > (ZIDEZ) 5 > 0 
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Now if p ¢P then by induction (Z/pZ), and (Zip 2), are zero, 


hence by exactness of bottom row so also is 


other hand peéP, then u and uy 


ih 


5-lemma so is F 
Uatl 


ie. 4 Lemma, Let) P24 P 


We vrs 


then we can factorize s uniquely as 


Se iereae Pr and (s,P 


9 2 = 1. 


if 2? 


Note that this implies (s,>P,) = j= 


(s)>S5) =l= (s,85>8). 


IPreeyone, Aesivaleule 


1.2.5 Lemma. Let G _ be any abelian group, and let P 


a) Pi ea Pe =sG. oC 


Proot.. -a) Levee roe thense aje te G 


Nig 


= ] <=> a/s ¢€ °, 


b) If GG 'f 40} J « © with 0\= a/lexc 


Po 


Py ¢ Py => Jpe Py such that p ¢q P, so a/peée G 


Sie. (he SS 7 


(Z/p —Z) 


nt+1 
Dy 


is such that 


s where 


aL 


Po 


Po 


c 


Le 


(s,P) ne 


meal 


but 


on the 


are isomorphisms, hence by 


Nis 


€ <P\P 5? > 


ae IP, then 


Se AE Pe = ae Ce P= 


a/p ¢ Gp so Gp ¢ Gp this contradiction establishes the result. 


dene 2Oe Corollary. PicP 


cE <=> Zp 


2 2 


corde 78 ee: bow gah) rota oe a, 

wits AY Peers) at oate of Wor-mo3jod to asswaseao x4 came! 

a Samal ehmelkdqrocdon? sax ae baa q mi ,t wg hast - qodte ia 
“pegit| ion sme nh = 


£<(.9n,4.8) Jattdopaal S38 42 74 49, ot eee Pe . 


a2 S/ Me ya sorotle 2% (2 -“* @ visuplo e oxstioteei oo aw apdd 
| ote (a 0 pee®) bae 2,4 s* ?'s 
‘fine (4. oe aj © f=_( cite ge) seliqnt wi di iutty stov . 
; By gy) =| Kole p@) - 
-Loivast 40039 
andi 9M) 4.) el bos , quo astiads yar od % dod comm @.8)1 “ : 


leo t= 2 te aa a 
1 s eae 


Sah Pa eee ae 


= (Se) me i @ Ua a) po “ala narls TS ,i, iu 4 7 
ri ry oe ¢ o, <Eeaay 
os (= ( « 


‘ee 


pase 7 
aes 
At laa ee if 


wor ag 2am 0 aie as e 
fn aa 


ai 


hie WGoroltaryed Gof is aé/Z module for aliheR" > P; 


ie ps = 
1.2.8 Theorem. ZO) TAD FE 7 as rings. 
PL Z P, = Pyne, 
P : i : : : 
roof. Define 9 a co tae 2p AP, vas follows: 


» is defined on generators by 


o((a/s) & (b/t)) = ab/st 
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and extended linearly to Z, ®.,Z, , this makes @ an additive 


“a 2 


homomorphism. 


Define “we by 


y(a/s) = (a/s, () 1/ss) 


where s = s,s,s is the unique factorization given in 1.2.4. 


.hote that by 1.1.5 and as tensor product is taken over Z 


(x) = (ee = ES 
a/s., x) 1/638 a/s,s &)1/s, 1/s,s Ya/s, etc. 


? is well defined for (s,P,) = 1 (t,P,) =] => (st,P,P.) = 


hence ab/st ¢« Z , MAISorit -a/semvat/s'*® and/tby/ te=i b/vtt 
[nae 
; ds Git 


as s'a = sa an "b = tb' we have 


¢(a'/s' @) bt"). = ab" /s't' = sta'b'/s't'st 


s'at'b/s't'st = ab/st 


o(a/s ®&) b/t) 


Finally 9» is a ring homomorphism for 


$l Ca/s Gb/t)(al/s Go bo/ t= 


Olaay /Sse Co bby /tLeae= aa’ bb'y/ssi.tt! 


Also 


1 


then 


= (ab/st)(a'b'/s't') = o(a/s &b/t) ¢(a'/s' &b'/t') 


al 7 5 <<. - a: 
Wea’ -, > —t 


a: ts ‘¢ ihe Tot olebum 


_ 
. Betis a «3% ral 
‘Zz ) 
ruwollot af Ws Si, « . (e g* ,¢ onttsd ae 7 
vd so TNTenty at heailsb ef “4 
4a\dn a ENDO (a\ , i340 7 
: one 
hs tht ab Gh wate ORM «Ge Mog OF yigzeonlt bebesitxe bas 
-petiqvamanon 
vn : ont ttt 


(S2\" Gigela) » Cal\ady 


oela .&.S.I-nb pevig sotsastyojos? Sopiia at ai “figais® =e wrod 


S rove mead el aouborg tiene? of Bip t.tet ye tea2 som, 


335 (a\el zae\l a pat: ae, \ a = ga\i ® gels 


vr 


i = (3 yo je) eo 1 « (% t)) f= 3 8) To! hsofteb Iisw at b La 


+ 4 sate acnedl 


sraeld, a, 3\d° bow ‘a\'sB = ala Fi bala . an, a 


svar aw has *¢ ‘4 bit ‘hk @- ns O88 


ta'a'2\ "dea = tya\ dai < ‘(lay oo eh ‘whe ; <— y : 

| s\ de ” aa?! a\c" 1s cn = 7 

a —e aie ols = 7 : : a 
. wi heen a ea * = oe 


= et 


17 
y is well defined for if a/s = b/te 2p oP, then 
ta=‘sb and p(b/t) = (b/t,) Cues) 
= (syb/t,s,) ® (s,8/s,st,t) 
= (8,8s,b/s,t,) x) (1/s,st,t) 
= (sb/s,t,) &) (1/s,st,t) 
="(ta/s,t,) (1/s,st,t) 
= (eye ca/a5t) x) (1/s,st,t) 
= (a/s,) © (1/s,8) = $(a/s) 


y is an additive homomorphism for 


W(a/s + b/t) = W(tatsb/st) 


[(tatsb)/s,t,] © [1/s,t,st] 
= (ta/s,t, + sb/s,t,) © (1/s,t,st) 


= [(ta/s,t.) © (1/s,t,st) ]+[(sb/s,t, @X1/s,t st) ] 


[(a/s,) & (1/s,8)] + [(b/t,) @ (1/e, 81 


= p(a/s) + y(b/t) 


y is also a multiplicative homomorphism for 


i] 


p(a/s + b/t) p(ab/st) = (ab/s,t,) © (1/s,t,st) 


(a/s, (X) 1/s,8) (b/t., © Lyte) 
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by 9. (a) = (—) a, for a in G, note that — is an integer. 
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bs 


Hence wW is an isomorphism. 


Q 
Te 
@ 
= 
oy 
N 
tl 2 
@ 


eZ pia tne orem. 


Proof. From the lemma we have 


7 


- 
7 


ih ak . edie: ; 
. Say is ‘ at P | 44 » a! 
ahipee a ne a sald 
- aay 7. 89 alan wet st oF | 
: 7 ed 7 : 
7 7 ieee yo 4 ; del ad A : 
‘aan 


- 
3 


fo) ed 


mes doen His Ss ; ho agne qyve azote we Sat * H asl fou’ 


eb 7 
ee ele ee ee ee 
7 t y b des of t 


ned G¥o5 ale = feb vs 


| als. = ie co 
: eit 


Tensoring both sides with G we get 
Co dam 2 = GZ 


aa Ss 


but 
Ce (G@Z_) = lim, G. 
Hence the result follows. 


1.2.12 Definition. A square of abelian groups 


D0 


where 


Ziel 


= an 
pug? (a) (L,a,L,a) e B@C 


Z 


rea Cotati sey 6) eoret a 22a oe 


—————— 8 A' ———> B' 
| | and | | 
c.) ——— DD c' ——-> p' 


are fibre squares, then so also is 


SS . 


. 0 etre ON ibs 2 ot PEP ’ 


-evello®t slwecx of3 suooh 


4 
i a 
aquest aeliods Yo saaupe A -oalabnijed “81,80 = 


J 


a pa ae A 


4 [e 


—— 
G ie 
Jonas ab soneepse patwoliot sis 13 eran ovi7) 6 baltao of 


‘ i~s Lid ®nal. 
tet» Sar — J 


neo 


oa 2 Lrigbe Bt) « (8) St, is 


a i ak ad (dit = edie tre hy 


1 Jamel 2h 


o | “A eran A —— 
<i © Atala eli 
7 wy 
7 4 —— : i > 
: ; Po 


AG A! BG)B' 
c@c!' —————> p@pD'! 
IIEOYGAE g Exactness of 


o>A>+B@®C+D>0 
and 


o> A' >+B'@c' > D' +0 
implies exactness of 
o> A@MA' > (B+ B')@(cC+C') >D@D' +o 


Ie 14s Lemma. ht {A} {Bo} {C_} {D_} are directed families of 


abelian groups, such that for each s 


SE 
=o) oS w 


is a fibre square then so also is 


Ete —————> lim B 
———-> §¢ > 


| | 


Ss 


PEOon: lim takes exact sequences into exact sequences. 


jail 


7 


. 
: 


=a) 
263% 


Pe Oe ho ee, Meal 


o* + "DA “hie Ao 


Yo vanaiuess eoliqat 


go & “tgp Ghea.= ¢'’a +) @) 16 8) ‘Aga +o 


4a egitimel Seyceath wi 14) Lord oA} (0) 37 femal bs Sod 
«. doko 20) aed dove ,equetg netlods 


4° _—~ mi 
es 


it Cela ov-aerts axavpe 5740) OB 5 


Be 


es gl Ws Lae 


is a fibre square then it is both a pull back and a push out. 


Proof. First we show that the above diagram is a pull back, we 


note that as th fe) Lt Rey Laced = je ets ee! 
e composite {54> j,} si,,i,> = 0 49,1, = 5,4): 
Now let hy Son 2d h, ; X > C be such. that 
j,h, jh, Consider the following diagram 
<1551,> idee 
Ey ec ep ee ren eer 
4 
h 1 
| 
Bee 
X 


Now {45 -J5h sh, sh,» =o hence as A is the kernel of 


{j,>-io} S30) hes Xe A Ssuch that <i,,i,>h = <h, sh? 5 


ees, foie e hy rb (a (ages Oe 9 Yate ognl «tes 


ji a Z 2 
This h is unique for if there is also an h' : X>A 
i i hr’ = i a + + es = 24 ° 
with i, hy and i,h 2 then <i,,i,7h sh, ,h,? i, »1,? h 
But then as <i,,i,> is monic, we get h' =h. 


cts 


Now we show that the diagram is a push out. Let 
ky 2B ay) anid k. : C +> Y be such that kay = k,i,- Consider 


the following diagram 


ce 


Juco dass lie tend Ling-A dicd at 42 weds svéuge avdht_n et 


ow load Liog © of metysib Svods Sil) Jaild wadsvow dexi9 -toesd : 


) = a « - s 4 red 
cehut rit 6 “ghey dt? Lat » Cl ejizoqmos eda sa aut — 7 a 
jnAd yisuz@ od DOK: ist text ria jot wor - 
: 
‘8 
metgeld puiwefted od9 aableto? 40,0. tpt 
cs". th 
_ 
t} “shy 
aie — IG % —— YG 
aa [ 
™, i | : 
* thy ee “ 
x a 
ta daunted sila 4) A ee soadet 9 * thy > toiresf) won an 
«Spite pti # titty te) teri vdoge A Rs a totmep bt}. 
«_ a] are herin yf * ays et 
A+ + 'h° Gn Gels et s9ad3 Gio supimi.gi A ebat i‘ ‘ay 


= 
«fl Spb om Sefty p> = Misgt. mudd .* "dys bre ? - "dy I ate 


A» - ss gaia ad see em teal a 


= 
pS 
| 
aT 
N 
or 
ee 6 


Now {k, »-ky} <i,,i,>(a) = ki, (a) - koi, (a) = Oo 


D = coker <i, .i,? hence 43! k : D+ Y_ such that 


k{3,.-J,} = {k,,-k,}. This gives kj, z= ky 


Hence the diagram is a push out. 


1.2.16 Theorem. Let PioPo cP then 
Si 
Crane Bake 
ero 1 
os | Jy 
(€ ——___—_———> G 
P, is PUAP, 


isea fibré square. 


[PTeteKowe ¢ 


Case, ie G= Z. Suffices to show that 


<1. Li {j =) } 
2 2 
Oa Liye fa 2, O 2, : Zp 
hae 1 p 1 
is exact where <i, »t,>(a/s) = (a/s,a/s) and 
{j,.-i,}(a/s ,b/t) = (a/s) - (b/t) 
(i) Exactness at Z5 bree e As each of i,.i, 


but 


and ki = k,. 


os 


is inclusion 


ph) 


¢: a ‘ 


7 
e : 
- - 
_ y| _ 
a a 
i 7 


hk 


. 
<ée- - A er 


sud a = (eit = Goypkel = Gere gd. a> (lee Se 


a 
judd due Ye @s al sone <br (Fe aafe2 «da 


—— 


“gst = La bas r 7 yj? eayio ati <t gil gh) be tet “att i 


‘duo duvq & 2! mozgebb ei eotel 7 7 
= 


: 7 . 7 
neds “Ws tees 293 .newwetl O1.S5.1- - 
zh oa 7 oe = 7 7 


\* ; : 
i ee 2 
it “ee tall 
rt | “ 
2 ra 
git eck s3 


ae: 
a7 - wel? & ot 1 

~~ © ; 

ps La 


isi @oleeod ape tiiu® sk #9 _ all pen) 


‘py ¢" 
: 
a) a oe nol = GMdei ys 
7 ’ Po - 7 


G\d ae 
en a> 4 


so is <i} ,1,° 
mh: " ' 
(iz) xactness at Z5 aP Let c/s ¢ Z5 aP then 
ba 2 ar 
Cor Pies) = 1] let 8 = S)8,8 be the unique factorization given 


in 1.2.4. Consider the diaphantine equation (1) s 


1X 7 %8¥ = ¢ 


This always has integral solutions as (s} 58,8) =] 
waueh is a divisor o©- °c.) 4m cact Lf X9¥, are solutions of 


S1x - x SY = 1 then all solutions of (1) are given by 


X = CX a ssn y= cy at $,n 


where n is an integer. 


Now if X10Vy is a solution of (1) then consider 
(x,/s58, y,/s,) etep © Z, 
1 2 
Then 


(3, 5-151 (a/s5 5. y,/s,) = 


(x,/s58) & (y,/s) = (s,x,-S,8y,)/8 1558 
= c/s 
So {j,>-i,} is onto. 
(iii) Exactness at Zp © Z, 
i 2 


Firstly liye doe <i, ,i,>(a/s) = a/s - a/s = 0. 
Conversely if (a/s, b/t) « ker {j,>7J4} then (a/s) - (b/t) = 0 


0 “hence ta-sb ="0 1.6.5, “a/s = b/e Tere 


i} 


ieee) © Cla=sb) / St 


hence (s,P,) = 1 = (s,P.,) which implies (s ,P uP.) = 1. Hence 


a/s = b/t € 2p uP and 


24 


y 7 _ - - ay a Sa 
aes a on _ a 7. —_ . 
[ rs 7-4 et ae fa 
. a a ; 
= =§ J 
i 7 : - - 7 - “ - 
ogdd . oe 4 WS et ome, on - opnadansd tape 


novig noliasc70iei supinu afd od a ic = : wal i gm Se? 
a 8% ~ 3 ULY nolomips anbiaetqelth ef3 ashlen0d YS ‘s, a ® 7) 
{ . (Re a, 2) t anofiulos leagednl aad ayowle eldr 
iW enokivios oh Nae Td 3927 aT 2 Te von tyss e ut Hain : 


yi navig ore (f) Io andlgitor lie not [= ¥hyX - xe 


11,2 +2 = % no. + 7 ee : 7 


egedni phos! 6 aedw 
_ 


:sbiuags ned (1) Yo aotaulue a et yee * TW wot 


- 2 gi @e GS 2G yh pagal 
S f 
° \o8 oR ae 
iP 1" MONE) d of ot 
3g bp OVC, Vay Gaye p ed i CON 1 (a,@\ 7x) = - 


a\o aad : 7 


prone st. bot t+? ~ 


1 O68 @ cys da: emsoainend uaan, 


a he 
i : a 
fi = w\n ay = Gila) eon, 2. - sant ‘ub seudt Sane 
o* (s\a) = awe co bahay _ - ave ee By sae oe 


. ss is 
ale, tee oe 7 Th val, oO —_ a (e-a3) P a 7 
snob , = Le) ante aa ; 


tee vad nna pant 
. ae ee - 


gs Ws. 
ey a 


ro 7 


2) 


(a) 


<i, ,i,>(a/s) = (a/s'," a/s) Ca/se>b/ 


so ker ij, s-dole image’ <i+,1,>". 


ieee 


Cases il. yCveuZ/o, 7 


Now if p ¢€ Pine, SE st ee PUP. then 


CS ST CAMP VAE es (Ainge 
PUP. Py P 


2 


(Z/p°Z) = Z/p"Aa 
Pine, 


and we have just to show the exactness of 


A . 
o> Z/p°Z —=- Z/p°Z @ Z/p°z aN Z/p°z > Oo 


where ACa) = (a,b) and d(a,b) = a-b. This®is* trivial 


Next if 


Deeak NE 


io i= IP. (Uy de 


- 2 


(Z/p°Z), = Z/p°Z = (Z/p'Z)_ vp 
Lore 


and 


(Zip'Z), = 0 = (Z/p'2), op 
2 1 ae 
and we have to show exactness of 


Oy VAL Sea Z/p°Z >o-o 


this is again trivial. 


The case p «€ Py\Py is similar. Finally 


pd Py U P, is also trivial. 


A ne aw 7 

| er 2) a\s) (en ret) ° (whnd< Hag” 7 
baat + | ae 

_ - 


7 ? sgt Sgaiil atol=s;% Ta: s i 


a 


iSgis= 0 Gf ya 


_ 
+ ee 


reads M4 a gles? 4 ual sq Ti wok 


0 Yo ti 
a(S MAS) = 4 (8 G\s> = (2"q\s) 


A= . = e* ‘) = : : 
a q\s ty, q\s) a 


_ — 
; _ 
io 2eendsexe 540 wohe 01 Jeol svad sw bas - 
- _ 


\ 
- 


7 


ios x ahs pare ys" a\x > " q\s — s"a\s * @ : 


fstvisad nt artut -d-p = (djg)b Goa (4,a).* (aa sity ; 
a 
it dxst ; ty 


? Wey? =e ge ee 7 


jf8'a\S) « $7q\s = qf u iS) 
t 


s I 


son =) AF oo 3) 
sts : . 
io aveiipaxe wile oJ sven ow bons 


as an 7 ~ ss 


a+ o> Saye FANS 4 | | 
- : 
a 


rs a : am! 
+> "ee af aa he Pai "eae 
Z - bea - SaLinre ») 1s aq. ate a 
| ae Ras tah 


4 aor 
. 7 sos rer rss 


7 
Cea a. 


Case III. If G is a finitely generated abelian group then 
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and the result follows from 1.2.13. 
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CHAPTER II 


LOCALIZATION IN THE CATEGORY OF TOPOLOGICAL SPACES 


52 a1 In this section we discuss localization of a class of 
topological spaces, and its interplay with homology and homotopy 


FuNCEOES. 


2.1.1 Throughout this section P c{P will be a fixed set of primes 
and zero, and ‘localization gwouldmmean “localization at PP", 
‘local! would’ mean “local at P'™ 

Also our discussion would be confined to the class of 


"simple' spaces defined below. 


2.1.2 Definition. A stmple space is a connected space having the 
homotopy type of a CW complex, and an abelian fundamental group 
which acts trivially on the homotopy and homology groups of the 


universal covering space. 
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We shall later establish that for any simple space X, 
a localization (at P) “u > x > X, does exist. Assuming existence 


for a moment we establish 


Z.1.> The Funetorial Character of Localization. betes oe 
be map of simple spaces. Let u: X > X, and, uu’ + > kK" be 


localizations. Since u is a localization and since x is 


fecal. | ult) ers X induces uniquely a map fp : Xp > x such) thar 


It is easy to see that 1, = 1 and that 


(g f), = &> fp 


Thus ~©@) is a functor from the category of simple spaces to a 


1 
category whose objects are local (at P) spaces and whose maps 


are maps between local spaces. 


2.1.6 Convention 

1) By the statement "f : X —+yY localizes homology" we 
mean that H, (Y) is@localsand that f, : H,(X) > H, (Y) is universal 
for Localizati oneat —P-ailsee. 1.de25] 


2) "“£ : X + Y localizes homotopy'’ means that 1 (Y) ie) local 


Bich leis: 1, (X) > Ie () ist universal*tor localization. 
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is an isomorphism. 
Proof. The proof follows from Note 2 in 1.1.25. 


2.1.8 Lemma. Consider the commutative diagram 
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where each vertical sequence is a fibration. 


(i) If the spaces are connected, II abelian and any two of 


i 
f, g, h localize homotopy then so does the third. 
Gri) mit 1, (B) acts trivially on the homology of fibre and 


any two of f, g, h localize homology then so does the third. 


Proof. (i) Apply 1.1.27 to homotopy exact sequence of fibrations. 


(it) is Simitvar. 


Dretlead Let Il be an abelian group. 

1) An Etlenberg-MacLane complex K(IIl,n) is a topological 
space having homotopy type of a CW complex, with exactly one 
non-zero homotopy group 1 (KCI,n)) = Il. 

2) We recall that X is called n-connected if and only if 
1, OD) =.0 forall i-<n. 


3)) Proposition. If X ds (n-1)=connected, then 


H"(X,11) ~ Hom (H_(X) ,1) 
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for proof of this and subsequent results see [5]. 


Taking II = 1 OX) this gives an isomorphism 


HX, (X)) > Hom (H_(X) , (X)) 


~ 


Now let h: HX) > HOD) be the Hurewicz isomorphism. We define 
the fundamental class of X i= ix as that element of 


nN _— 
H (X, TT (X)) which corresponds to h 1 in the isomorphism 


H'(X,l_(X)) > Hom (H_(X), 1,(X)) 


i] 
= 
tos 
tas 
VY 


4) Now take X = K(IIl,n), so II Writting H, (il,n) 


for H, (K(II,n)) etc. we have an isomorphism 
H'((I,n) 1) > Hom (H_(i,n) ,1) 


5) i, the fundamental class of K(lIl,n) provides us with a 
bijection 
H (X,0) <=> [X, K(il,n)] 
For proof again see [5]. 


6) We also have a bijection [K(I,n), K(I',n)] <—— Hom (II,II') 


Thus a homomorphism f : Il > II' induces a map 


> 


£ Eakin) > KUL jn) 


such that (f =f. 


Pn 
We now give a brief description of the right side up and 


upside down Postnikov systems for a space X. For details see [5] 


and [6]. 


Pade Aw 6) The right side up Postnikov system for X is a system 
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where we write TL for 1 OO. The following conditions are to be 
satisfied 
(i) If X is n-connected then Xo = X, ee x = * and 
ener 5 OC eae) 


Cig) dig : 1, QO > 1, (X) is an isomorphism for i <n, 


in other words x, is n-equivalent to xX. Also 1, (X) =0 3for 
isis Lee 
ine @) kK [X_ KC 4) nt2) | eo He Choe) is called the 
rtd k-invariant of X. 
(iv) nr x, > x -1 is the principal fibration induced, by 
the map k-1? from the path space fibration 


K(_,n) = 9K + PK + K = K(IL n+l) 


Bb cir 5 Xx is) the pullback ef (PK + eke and X-1 = 1K. 


(v) Naturality Condition. F : X > X' induces maps ie) 


of the Postnikov system for X into that of X' such that 
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th F dees 
We call fs the n stage Postinkov decomposition of f. 
: ‘ eer Tissot ta td 
2.1.11 The upside down Postnikov decomposition (X ,p ,q ,k ) of 


Xn Let (XP yo dy ok) be the right side up Postnikov decomposition 


LOG X described in 2.1.10. 


Take X' = X and inductively define sere and oe 
+ + 
by taking q : x” Piss X to be the fibre of dae: Ao xX Nore ‘thar 
Boar CK) ae lee ator wie cenweand ase Ck) =o tor sla 
i ser dig att — st gal 
+ + 
we have m, (x = =S Oe sLOC@ ie th and mx" >) = 1, (X) for 
Pentel. 
+ + 
To define >” : : x 7 + xX" we take the right side up 


Postnikov decomposition of X" and note that x), = * for 
++ 
j <n, and we take p> t to be the fibre of 
n 


k ce 2. <7 K(I 70) 
nN nN 


For maps f : X > X', we have a naturality condition 
for the upside down Postnikov system as for the right side up 


system. 


2.1.12 Lemma. Let I be any group and let Il be its localization 
ate bee eo Lett ork Ulla) = K(IL, 2) be any map, then f localizes 
homology if and only if f localizes homotopy. 
Proof. [==>] This is trivial for by Hurewicz theorem 

H (KCI) ae and HC Gilani czar : 
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I, (KCI,n)) = 0 for i ¥o one. 
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fy : 1, (KCI,n)) —— TL, (KGL, »2)) 


is zero; for, Jofin. and; equal to «f POY tose. ous ett ot 
localizes homology then it localizes homotopy. 
[<=] Assume f localizes homotopy, we have to show 


that f localizes homology. We use induction on n. 


Case I. [n = 1] I= Z so I, = Zo: In this case 


Riz 1) =-Saeane H,(Z,1) = 1,(K(Z,1)) = Z, H,(Z,1) = 0 for 
i 2 il, Alege 


H, (2,1) = IL, (K(Z, ,1)) = 2. 


Thus the map f, : H, (11,1) > H, CI, »1) is im fact a localization for 
1 = 1 in which) case itis just fhe map Z > Zo: Also for i > 1 


f= Oe is trivially a lecaliztion. 
k 
Case” Tl’. I= Z/p Z so 


[ 0 ice a dee 
Th, = | 
Il it) pe 2 


Thus if p ¢P = 0 KCI, »1) = * and 


Ts 
Eee, CM, a) HC) =F 0) 

is the trivial map, hence is trivially a localization. If, on the 
other hand, pe P _ then IL, = Il thus 


£ RUSE K(IL, ,1) = K(Il,1) 


is a homotopy equivalence and hence f, : H,(I,1) > H, CL, » 1) is an 


isomorphism and a localization. 
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Case III. If I is any finitely generated abelian group then 
it is a direct sum of copies of Z and Zip nie Now as the direct 
sum of local groups is local, as direct summation commutes with 


homotopy and as H,(X eas H, (X) © H, (Y) . The result follows. 


Case IV. If MI is any abelian group then it is the direct limit 
of its finitely generated subgroups under inclusion, and the result 
again follows. 

This completes the inductive step for n= 1. Now assume 
that the result holds for n= m-l1 and consider the fibrations 


ir 
a(R) = Kena K(Ilp sm-1) = OK(I, ,m) 


K = K(1,m) —————>_ K(IL,m) 


P 


By inductive argument fi localizes homology. Also as both 
PK(Il,m) and PK (IL, ,m) are contractible f. is homotopy trivial 
and hence localizes homology trivially, therefore by 2.1.8 f. 


localizes homology. 


The main result of this section is 


2.1.13 Theorem. Let £: X > Y be a map of simple spaces. ‘Then 
the following are equivalent 

(i) £ is a localization (see 2.1.4). 

(ii) f£ localizes integral homology (see 2.1.6). 


(iii) £ localizes homotopy (see 2.1.6). 
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Proof. [ (iii) => (ii)] Assume f localizes homotopy, we have to 
show that f£ localizes homology. We use induction on the ae stage 
Postnikov decomposition of f£, and shall show that f_ : XK >+Y 

n n n 


localizes homology for all n. Then as f£~f , the result 


would follow. 
Induction Starés  by,2.1-12 as x = KC, OD) , 1) and 
yy = KCL, @) 1). 


Now consider 


“a 


KL,QO ym) —=—> KCI, (¥) n) 


n 
X 
n 
Pe Re | 
at 
As £ localizes homotopy, so does f for 


(fy), = (fy), and (fy), = 0 Lf it fn 


Hence by 2.1.12 f localizes homology. Also f-1 localizes 
homology by inductive argument. Hence by 2.1.8 EO localizes 
homology. 

((ii) => (iii)] Assume f localizes homology, we have 
to show that f localizes homotopy. Now as X and Y are 
simple spaces Hurewicz theorem gives 1, (X) = H, (X) : 1, (Y) = H,@%) 
and 9 7f5 = Fy. Hence fy localizes IL, 


We now use the upside down Postnikov decomposition of f. 


Consider first 
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D 
x a ae KC, 
2 
£ re EOP oe 
2 1 


ve a LY = Y ——> _ K( 6) »D) 


1 1 
N = izes 
ow (k wy (£4 localizes IL, » and (k 
therefore i localizes homotopy hence by 2.1.12 ic localizes 
homology. Also f localizes homology, hence by 2.1.8 ee localizes 


2 Be 
homology. But now X and 9, are simply connected, so Hurewicz 


: 2 
theorem gives us that f localizes ie Further 


2 2 ») 
= OAM = [|] = 
(ey, ACE) Mercy Aad, Cx) >A, (apm pid 
therefore f localizes I, 
Now assume by induction that f' = Ctr localize 
homology and that fx (hence f) localizes TL and that a 
localizes homology. 
4 : pl 
To complete inductive step we have to show that f 
n : n+1 : 
and k localize homology, and that f (hence f) localizes 


Nl 


Consider the ae and Gcal ta stage in the upside 
down Postnikov decomposition of f, in the following diagram the 


rows are fibrations. 
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No kn nhc a i y = : “e 
iw PoC P ew for 14 n and ~(k na (f : MOO 1), 


Pn 


f localizes I hence k’ localizes homotopy, therefore by 


n : 
2 tole Kk localizes homology. Also f" localizes homology hence 


ay we 
Dyed Le if localizes homology. But rd is n-connected 
hence by Hurewicz theorem ae localizes TI +1? but 
n 
feel n+l 
f = : 
( P ntl at aes ) 
ye ig ool 
pe) ages eae ae 
Hence f localizes Ted? This completes the inductive step. 
Hence proof of (ii) => (iii). 
[(i) => (ii) ] Assume f : X > Y is a’ localization, 


i.e., Y is local and for any local space Z and any map 
See coy Aue - Yo 2 such that os {= ¢. 
Now taking Z= K(I,n) where Il is a local abelian 


group, and n ='71,25..." jwereet bijections 
A Cx ox Cay) Se Ra) fe 


Now if we take [l=Q= Zz, and Il = Z/pZ = (Z/pZ), 


for p« P, the above gives isomorphisms 
* * 
H (X,0) =H (Y,Q) 
* * 
Hotes2/ pa) 2B (i i2/ PZ) Pee 
Universal coefficient theorem now gives us that the homomorphisms 


f£, : Hy(X,Q) > H,(¥,Q) 


r,*: H, (X,Z/pZ) > H, (Y,Z/pZ) 
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are isomorphisms. 


Now using the Bockstein sequence 


(CSA eves: Z/p'z = Tp =7 0) 


the induced homology sequence ladder and the five lemma, we see that 
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Now as f, is an isomorphism, so also are Hom(f, ,id) and 


Ext(f,,id) therefore it follows by the 5-lemma that 
* rs 
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is also an isomorphism. Hence from the exact chomology sequence 


of the pair (Y,X) with coeffients in Zp we get 
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for all i. Thus all obstruction groups are zero. 
Hence g extends uniquely to Y, showing that f is 


universal. 
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221.16 Proposition. H, (X,) s H,(X) @ 2, Be H, (X32) 


Proof. The last isomorphism follows from the universal coefficient 
theorem for homology, as Zo is torsion free. 
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2.2.3 Notation. We write T= Sp = S and call it the 
localization of the i-sphere 5S = S*. The cone on se is called 


a local (i+1)-cell. 
Note that we do not have any local O-sphere and hence 


no local l-cell. 


2.2.4 Definition. A local CW complex is built inductively from a 


point or a local l-sphere by attatching local cells. 


2.2.5 Theorem. If X is a CW complex with one zero cell and one 
l-cell there is a local CW complex x and a cellular map 
(rae 2 Saag x, such that 

(i) u induces bijection between cells of X and the 
local cells of x: 
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Next we note that if f :A> Ay Ls a localization 
satisfying (i) and (ii), then so also is DE ¢ DAS ZA, for in 
this case (i) sis clear, sand to show (11), 1.6.4 to show that 2x6 


is a localization, we consider 
OUR eer H, (ZA) = Hy 6A = Hy, CAp) = H, (ZA,) 


Thus Cat) localizes homology and hence by 2.1.13 ie als) el 
localization. 

Now we assume inductively that the theorem is true for 
all complexes of dimension <n-1l, and note that the n-dimensional 
complex X is formed by attatching the n-cells, i.e. 


on V ee to the n-l skeleton ee 


, the cone 


by the map 
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It is clear from the way u is defined as map of cofibres that it 
respects identifications, hence it is well defined. Also as cae 
induces bijection of cells so does u. 

Now in the bottom row of the commutative diagram 2.2.6 all 
Spaces except possibly xX have local homology, hence by exactness 
x, does also. Further all vertical maps localize homology except 


Poss Dive gun hencenit does too, (171526) and 1.1.27). 


This settles the case of finite dimensional complexes. 
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easily seen to be satisfied. 
2.2.7 Corollary. Any simply connected space X has a localization. 


Proof. Chose a CW decomposition X with one zero cell and no one 
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a Postnikov map u : X > X' which localizes homotopy groups. 


Proof. We use induction on the number of stages in the Postnikov 
tower xX. Induction starts easily since the first stage is a point. 
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2.2.10 Corollary. Any simple space has a localization. 


Proof. Choose a Postnikov decomposition for the simple space Xx, 
localize the tower by 2.2.9 to obtain a local Postnikov tower 


(xt) then X' = X! is a simple space localizing X. 
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Rroor. © Ler Ge Rob Se Sp be the localization map. Define 


b: [S*,X] + [s5,x] : y 


by 

o(£) = Uf for foe uy 
and 

v(g) = gu for ous S, KG 
The result follows. 
2oo.e .COLoOllary.. If #xX@eis Local! 
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is a fibre square. 


Proof. It is sufficient to show that the following sequence is 


exact. 


oe il, ee ee eT Oe a eee ( sate 
sf *p uP, i ae i [5 af aranee 
but as IL, (X%) ~ TL, (X) ® Z, , it sufficient to show exactness of 
af = i 


0 +I (X) @Z, yp 7% 1, HOz ) © (1, O@2%p = Beet: 


Nhe 2 M Zz 


> 


oO 


jontl et 2% We oggghioggo f. 


@ | P (< ees - (KM ’ 
ian ’ 


es : 


wads De 4,94 tt auekosdt re 
2 


fo a a, | 
ra. - 


ea | 


& : Vv, 


vaxeupe o7d2) on ak 


¢ ° 


at Soneupse aniwo! to% sig ‘tsd2 were Of JostoPiige at 7h .tooee | 


49 


or the exactness of 
Pees eats 
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ait PF o al Pi P, ail Pine. 


But by 1.2.16 the sequence 


eee sya Ys @ Zz — Z > oO 
ae Sie eS, i“ 


is exact, and as all these groups are torsion free, on tensoring with 


,® we get exactness of 2.3.4. 
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CHAPTER III 


LOCALIZATION AND H-SPACES 


3.1.1 Definition. An H-space is a pointed space X with a 


map ms 4 x X > X such that mj“ Vo where 442% yx > xe x 


is the natural inclusion and Vo: Xvwk> X is the folding map. 
Sel 2 If xX is an H-space then so also is X- 


Proof. Let m: Xx X>X be multiplication. By 2.3.7 we have 
amap id: X, x X CK x X) > which is a homotopy equivalence, 
and by 2.3.8 we have a map vie X, Vv X > (X v X)5 which is a 
homotopy equivalence. 


Define 
n= mod: hy xX, > X 
it remains to show that the composite 
ee eh ah ga 


is homotopic to the map 


“E> FS ae 


Now 
nj =m, Aj = m, Jpu= (mj), u 
~ Ej \y/ 
3 Vp le 
3.1.3. Theorem. X is an H-space <=> it is equivalent to a 
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product of Eilenberg-MacLane complexes. 
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Proof. [<=] This is trivial as Eilenberg-MacLane complexes ar 
H-spaces. 
[=>] By a theorem of Hopf we know that 
n n 


* : e * 1 
BGK 3000 ar Hc) oe ween tS <0) 


for My oeee DL odd, which in turn is an exterior algebra on 


r-generators which can be chosen to be primitive. Let Qyores sd 


* 
be the primitive generators of H (X39) with 
MeL 

a, € H (XQ) +—> [X,K(Q,n,)] 
therefore we get H-maps 
a, 3 xX, > K(Q3n, ) 
This gives the H-map 

Q r 


(a, ores aX aA : xX s2 ia K(Q,n,) . 


This induces isomorphisms of homology and cohomology and as the 
fundamental groups on both sides are abelian, it is a homotopy 


equivalence. Therefore 
Xo inet K(Q,n,) 
as H-spaces. 
3.1.4 Corollary. s° is an H-space <=> n_ is odd. 
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Proof. [=>] It is sufficient to show that 5 is not an 
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cohomology of an H-space. 


[=> ] For this we first note that if n is odd then 


n : anes 
m1 ¢s J is finite for® miy my (ee 6] ,89.7.7, p. 515). Hence 


when we localize at {0} the Postnikov tower for soe = we get 
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* k= ne 
n-l 
oR dk - 
QK(Q,2n) = K(Q,2n—-1) if °° "ke> 2n-1 
2n-1 
Thus _ ~ K(Q,2n-1) and the result follows from 3.1.3. 
J-l.9 <heorem, X is an H-space <=> X is an H-space for 


each prime p and BO) is isomorphic to H,,(X, »Q) as a 


ring, for all primes p and gq. 


Proof. [==>] First we note that OS Xo for all primes p. 
Thus we can give two H-structures to Xo» one directly from the 
H-structure of X, and the other via the H-structure of ie and the 


equivalence (Xo ee is an H-space equivalence. Thus we have 
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Hy ((S,) 430) 2 By 3@ 
on the other hand by 2.1.16 
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[<==] Assume that te is an H-space for each prime p 


and 


HOC »Q) is Hy XK 2Q) 


for all primes p,q. The isomorphism being a ring isomorphism 


then oe a Cas as H-spaces, since the H-space structure 


on a rational space is determined by its Pontrjagin ring. 


Thus we have compatible multiplications for the spaces 


X55 X35 Xe -.. . This induces H-space structure on the fibre 


product ~X. 


3.1.6 Remarks. 
(1) Let 
i, 1, 7 ox = CLX) ww OD) 


be embeddings. Make the Whitehead produce 
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© (XAX) ] = (2X) x(2X) 


Then V(iv i) extends to (ZX) x (7X) ele wand only ii 


Vii v i) na nd V(i v i) (i, >t] ~ 


¢as> [L,1J°= 0 “in OCI 9 GGF4| 


4 ovitxg duno to? s9nq2-H ne ef - or 


é dH ail ly 23 | 7 i) 
(> Pa 7a 9 on : = _ 


eo 
aeldiriongel adig 2 willed wetidquewéel oafy | asnltq Tin 10% 


7 a 
stuftou7s2 OStge-t ors sonke ~eSobqr-H en a‘ =e ag”? 
_ - a - 


¢ - - = 
gaudy alsatstood ath yd beodareteb at spsqe laaolisea e& a0. 
age of7 yo? anotssoliqhiy inn Siditaqio» oved a eae? : 


suit o43 oe Syudouwes Soude-@ Soablivt 424T - «> sak s hgh 


Jad iP = oe 


(X27 -v (MT) = SA ot pte yh 
soubo1g beatesinW vis atom -agnibbedns 3 , 


(2) -y (XE) + CK A Ks Piha pT +¥& 
7 
393 49 potinedtinny. sa 


Lads 1) 7 
CETye (x2) = ( CRAKYA AS AZ8WKEY) +2 cttw we ? ks sa Ae 


en Ij e rp | 
—_ es 


(2) Y is an H-space 


esac ee eh SR eS Ge Say G 


extends to (ZY) x (ZY), and the obstruction to this extension is 


the Whitehead product 
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3.1.7 Theorem. a : is an H-space <=> n = 1,2,4. 
2n-1_ ,, 
Proot,. ([<7=|) Trem = 152-4 “then $ is an H-space hence 


2n-1 


so also is So 


[==>] First we recall the result proved by Adam that 


ae: is an H-space <=> n=1,2 or 4. Now consider 
2n-1 2n-1 
al 55 So 
First 
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hence by remark (2) in 3.1.6 Sy is an H-space 
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2n-1 y 2n-1 
Li sane ene A Pies Pe woe, 


[veil “corresponds to {[i' ,i"] @)1. Also Adams’ result gives 


te eave te nil) oe or ands ot ordere2: othe: seamen iherce 
fore [i,if] =0 <=> n=1,2 or 4. 
2n-1 . 
3.1.8 Theorem. 5. is a loop space <=> n=1 or 2. 
In- 
Proot. [<==| It n= 2 or 2 S oat = st or 53 and these are 


topological groups, therefore they have classifying spaces and are 
themselves of the same homotopy type as the loops of the classifying 
spaces. 

[==>] Suffices to show that for n= 4 § = § is 
not a loop space. 

Assume that si is a loop space, so it is an A, space 


Wilpeedse. 4: btiias 7 structure for every prime p, and hence 


has a projective p-space s) P(p) and 
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H (X,Z/pZ) = (2/pZ)(x]/x° 
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pt ad - isp* = pi in mod 3 arithmetic. 
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is non-zero only in dimensions that are multiplies of 8, therefore 
2 
H (X,Z/3Z) = 0 and hence 0 # ee = P* = PP? (x) =O. 


This contradiction proves the result. 


Note. The above theorem implies that s/ does not even have an 
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A,—structure, i.e., it is not even a homotopy associative H-space. 


3.1.9 Remark. The number of non-homotopic multiplications on 
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2n-1 
3.1.10 Theorem. Sm is an H-space for all odd primes p and 
forall n> 1. 
p ree Le = ee 
roof. n= P,2tores4 we see that’ 'S , S and S$ are H-spaces 
1 3 7 


hence so also are - S and S. 


Now for n> 4 we use a map 
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which is of degree 2 on each factor. This gives rise to a map 
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such that on each factor it is twice the identity map. This makes 
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